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Abstract. We generalize our earlier results from 9 on the Bessmertnyi class 
of operator-valued functions holomorphic in the open right poly-halfplane 
which admit representation as a Schur complement of a block of a linear ho- 
mogeneous operator-valued function with positive semidefinite operator coef- 
ficients, to the case of a product of open right matrix halfplanes. Several equiv- 
alent characterizations of this generalized Bessmertnyi class are presented. In 
particular, its intimate connection with the Agler-Schur class of holomorphic 
contractive operator-valued functions on the product of matrix unit disks is 
established. 
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1. Introduction 

In the PhD Thesis of M. F. Bessmertrnyi (4| (the translation into English of some 
of its parts can be found in [51 Eld) the class of rational n x n matrix- valued 
functions of N complex variables z = (zi, . . . , zjv) G C^, representable in the form 




(1.1) 



where a linear (n + p) x (n + p) matrix- valued function 
A{z) = ziAi + ■■■ + znAn = 
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has positive semidefinite matrix coefficients Aj, j — I,. . .,N, with real entries, 
was considered. Such a representation (|1.1|) - (|1.2|) . was called in the thesis a long 
resolvent representation. The motivation of its consideration comes from the elec- 
trical engineering. Bessmertrnyi has shown that this class is precisely the class of 
all characteristic functions of passive 2n-poles, where the impedances of elements 
of an electrical circuit are considered as independent variables. 

In [Sj a more general class 3^(1^) of holomorphic functions on the open right 
poly-halfplane li^ :— {z G : Ke Zk > 0, k — 1,...,A^}, with values in the 
C*-algebra L{U) of bounded linear operators on a Hilbert space U, which admit 
a representation with a linear pencil A{z) as in H1.2|l . however consisting 

of operators from L{U ®Ti) where Ti is an auxiliary Hilbert space, such that 
-Aj > 0, j = 1, . . . , A^, was introduced. Here the Hilbert spaces are supposed to 
be complex. This class Bn(U) was called the Bessmertrnyi class. Any function 
/ G BMiU) is homogeneous of degree one and takes operator values with positive 
semidefinite real parts. Moreover, / can be uniquely extended to a holomorphic 
and homogeneous of degree one function on the domain 

f)jv:= |J(^n)^cC^, (1.3) 

so that holds true for z e fZ^f, as well as the homogeneity relation 

/(Az) = A/(z), A e C \ {0}, z e n^, (1.4) 
and the symmetry relation 

/(z)=/(z)*, zeflN (1.5) 

(here Xz — (Azi, . . . , Az^v) and z — (zi, . . . , zat)). In |0 several equivalent char- 
acterizations of the Bessmertnyi class have been established: in terms of certain 
positive semidefinite kernels on Sljv x ^n, in terms of functional calculus of A^- 
tuples of commuting bounded strictly accretive operators on a common Hilbert 
space, and in terms of the double Cayley transform. Let us briefiy recall the 
last one. The double Cayley transform (over the variables and over the values), 
J- = C{f), of a function / G Bn^^I) is defined for w in the open unit polydisk 
:= {u; e : \wk\ < 1, fc = 1, . . . , iV} as 

\ \l-wi 1~wnJ J \ \l~wi 1-wnJ 

(1.6) 

For any / G Bn{1^), its double Cayley transform !F = C{f) belongs to the Agler- 
Schur class ASNiM), i-e., T is holomorphic on and ||JF(T)|| < 1 for ev- 
ery A'^-tuple T = (Ti^ . . . ,Tpf) of commuting strict contractions on a common 
Hilbert space (see details on this class in ,1 ). Moreover, there exist Hilbert spaces 
X , Xi, . . . , X]y such that X — ^^^i X/^, and an Agler representation 

T{w) ^ D + CP{w){Ix - AP{w))-^B, weB^, (1.7) 
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where P{w) — X]fe=i '^kPxk^ with orthogonal projections onto Xk, and 

= : [/ = U-'^ = [/* e L{X®U). 

Conversely, any function T € ASm(P() satisfying the latter condition can be rep- 
resented as the double Cayley transform, T = C{f), of some function / € Bn{1^)- 
Let us recollect that matrices Aj, j — 1,...,N, in original Bessmertnyi's 
definition had real entries, thus functions from his class took matrix values whose 
all entries were real at real points z G K^. In |5] we have considered also a "real" 
version of the (generalized) Bessmertnyi class. Namely, we have defined the real 
structure on a Hilbert space U by means of an anti-unitary involution (a counter- 
part of the complex conjugation), i.e., an operator t = tjj '■ ^ ~^ ^ such that 

- lu, (1.8) 

(mi,iU2) = (u2,Ul), Ui,U2eU. (1.9) 

Such an operator t is anti-linear, i.e., 

t(awi -I- I3u2) — aui -\- /3m2, a, € C, ui, U2 G U. 

An operator A from L{L4,y), the Banach space of all bounded linear operators 
from a Hilbert space U to a, Hilbert space 3^, is called {lu, iy)-real for anti-unitary 
involutions iu and Ly if 

LyA^Aiu. (1.10) 
Such operators A are a counterpart of matrices with real entries. Finally, a function 
/ on a set 17 C such that z € <;4> z G 17, which takes values from L{U,y) is 
called {lu, iy)-real if 

f\z):^Lyf{z)Lu^ f{z), z&n. (1.11) 

If U = y and Lu ~ Ly ^ L then such a function is called i-real. We have defined 
the ^^L-real" Bessmertnyi class lRBn{1^) as the subclass of all t-real functions from 
Bn(U)- The latter subclass is a counterpart of the original class considered by 
Bessmertnyi. In |5] we have obtained different characterizations for tRSAr(W), too. 

In the present paper we introduce and investigate analogous classes of func- 
tions (either for the "complex" and "real" cases) on more general domains. First, 
we define a product of matrix halfplanes as 

n«ix»i X ... X n""X«« — {Z ={Zi,...,Zn) : 

g j.n.x„fc^ fc^l^...^7V} (1.12) 

which serves as a generalization of the open right poly-halfplane H^. Then we 
define a conterpart of the domain fi^r as 

^n,,...,n, U (An"^^"i X ... X AH""^"") , (1.13) 

AST 

and define the corresponding Bessmertnyi classes of functions on the domain 
^ni,...,njv. Consideration of such classes can be also motivated by problems of the 
theory of electrical networks since there are situations where "matrix impedances" 



A B 
C D 
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are considered as matrix variables (see, e.g., QHI)- On the other hand, mathemat- 
ical tools for such an investigation have recently appeared. Since in ;9 the close 
relation of the Bessmertnyi classes Bn{U) and lRBn{1^) to the Agler-Schur class 
ASn{^^) has been established, this has made possible the use of properties of the 
latter class as a tool for investigation Bessmertnyi's classes. In the same manner 
we make use of the recent works of C.-G. Ambrozie and D. Timotin 2 , J. A. Ball 
and V. Bolotnikov 3 on the Agler-Schur class of function on so-called polynomi- 
ally defined domains for the investigation of the Bessmertnyi's classes of functions 
on ^ni,...,nfj- A counterpart of the class Bn{1^) is introduced in Section|21 where 
also a useful decomposition for functions from this class is obtained. In Section |21 
the relationship between the Bessmertnyi class on ri„i,...,„jy and the correspond- 
ing Agler-Schur class on a product of matrix disks is established. This allows us 
to give a characterization of the (generalized) Bessmertnyi class in terms of func- 
tional calculus for collections of operators. In Section 0] we describe the image of 
this class under the double Cayley transform. Finally, a counterpart of the "real" 
Bessmertnyi class lRBn{U) is studied in Section |S| 

2. The Bessmertnyi class for a matrix domain 

Let us define the class Bn^,,,,^n^{U) of all L(Z//)-valucd functions / holomorphic on 
the domain ri„i,...,„„ defined in (see also (|1.12|l ') which are representable as 

f{Z) = a{Z)-b{Z)d{Z)-^c{Z) (2.1) 

for Z G i^ni, where 

A{Z) = GI{Zi®Im,)Gi + - ■ ■+G%{Zn®Im^)Gn - 

(2.2) 

for some Hilbert spaces tWi, . . . , A^at, H and operators Gk G L{U (BH,C"-'' 
Mk), k=l,...,N. 

Remark 2.1. If a function / is holomorphic on n"i^"i x • • • x n""^"" and has 
a representation (|2.1|I - H2.2|I there, then / can be extended to r^m, ...,„„ by ho- 
mogeneity of degree one, and this extension is, clearly, holomorphic and admits 
a representation ITTI in r^m,. That is why we define the class y8„j,....„„ (Zi) 
straight away as a class of functions on flni....,nN- Keeping in mind the possibility 
and uniqueness of such extension, we will write sometimes / G Bni....,nN^) fo^' 
functions defined originally on n"i^"i x • • • x n"™^"". 

Theorem 2.2. Let / he an L{U)-valued function holomorphic on n"!^"^ x • • • x 
jjnjvxnAT Then f G S„j^.. .„„ (Z^) if and only if there exist holomorphic functions 
ipkiZ) on n"i^"i X • • • X n""^"" with values m L{U,C"'' (g) Mk), fc = 1, . . . ,7V, 
such that 

N 

/(z) = ^^fc(A)*(Zfc®/^j^fe(z), z,AGn"^x"^ X ••• xn"«><"" (2.3) 

k=l 



a{Z) h{Z) 
c{Z) d{Z) 



G L{u e n) 
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holds. In this case the functions (pk{Z) can he uniquely extended to the holomorphic 
functions on flni....,nN ('^^ same notation for the extended functions) which 

are homogeneous of degree zero, i.e., for every A £ C\{0}, 



(pk{XZ) ^ ipk{Z), Z e fini^...,nN, 

and identity ()2.3() is extended to all o/ Z, A G ^ni,...,nN- 



(2.4) 



Proof. Necessity. Let / £ ;B„j^.. .„„ (Z^). Then (|2.1|) holds for Z e fini,....njv, some 
Hilbert spaces HyMi, . . . ,Mn and a linear pencil of operators (|2.2|l . Define 



HZ) 



Then for all Z,Ae n^,, 



lu 

-d{Z)-^c{Z) 
, one has 



f{Z) = a{Z)-b{Z)d{Z)-^c{Z) 

= [ lu -c{KYd{K)-* 

= [ lu ^c{KYd{K)-* 

= V'(A)M(Z)^(Z). 



a{Z)-b{Z)d{Z)-^c{Z) 




a{Z) h{Z) 
c{Z) d{Z) 



lu 

-d{Z)-^c{Z) 



Set tfk{Z) :— Gkip{Z), fc = 1, . . . ,iV. Clearly, the functions Lpk{Z), k — 1,. 
are holomorphic on f^ni, and satisfy 12. 4() . Rewriting the equality 

f{z) = 7A(A)*A(Z)V(Z), z e a„„...,„„, (2.5) 

in the form 



N 



/(Z) = ^^fc(A)*(Zfc®/A^j¥.fc(Z), Z,Ae a^, 



(2.6) 



k=l 



we obtain, in particular, H2.3II . 

SufBciency. Let / be an L{U)-va\ued function holomorphic on n"i^"i x • • • x 
jjrijv xnjv g^j^^j representable there in the form (|2.3|) with some holomorphic functions 
ipk{Z) taking values in L(U,C"-'' <SiMk), k ^ 1, . . . , N . Set 



N 



U ■.= ^{C''- ^Mk), Pk-.^PM,, k = l 



,...,N, 



k=l 

^(Z) :=col( ••• ^n{Z) ) eL{U,M), 

E:= (/„,,...,/„„) e n"i^"i X ••• xn""><"», 

where /„ denotes the identity n x n matrix. From H2.3|l we get 

N 

/(i?) = ^^fc(A)Vfc(i?), Aen"^><"i X ••• xn"« 
fc=i 



(2.7) 
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In particular, 



N 



(2.8) 



k=l 



By subtracting (|2.8|l from H2.7|l we get 



N 



^[^fe(A) - ip,iE)Y^k{E) = 0, A e n"i><"i X • • • X n""><"«, 
fe=i 

i.e., the following orthogonality relation holds: 

H clos spanAgn"iX"ix---xn"ivX"iv{[<^(A) - (p{E)]U} ± dos{(p{E)U} X. 

For any A e unixni x • • . x n""^"" and u eU one can represent now (^(A)u as 

col [ (p{E) ip{A) - ip{E) ]ueX®n. 

On the other hand, for any u eU, A e n"i'*"i x • • • x n""^"" one has 

ip(E)u e clos spanAgn"iX"ix---xn"ivX"iv{¥'(A)Z^}, 

((^(A) - e clos spanAgn"ix"ix---xn"ivX"jv{¥'(A)Z^}. 

Thus, clos span^gjjnixiii x...xn"ivxiiv WiAp} = X ®n. Let K : X ®n he 
the natural embedding defined by 

<y9l(A)u 



(^(A) - ^iE))u 



(2.9) 



</5Af(A)u 

and extended to the whole A" © 7i by linearity and continuity. Set 

' ^{E) " 
In 



Gk := (/„, ® Pfc)K 



¥'(A) - ip{E) 



e i(Z^®H,C"^ ®7Wfc), A: = 1,...,7V, 



V'(A) := 
Then 

/(z) = v(A)M(z)v(z), A e n"i X • • • X n"" x«„ ^ 

where A{Z) is defined by H2.2|l . Indeed, 

/ N 



V{E) 
Ih 



lu 

V{Z) - V{E) 



ip{E) 
In 



\k=l 



N 



E vk{AY{Zk® ImMz) = f{z). 



k=l 



Now, with respect to the block partitioning of A{Z) we have 



A{Z)^P{Z) = 



a{Z) b{Z) 
c{Z) d{Z) 



lu 



a{Z) + h{Z){^{Z) 






■ h{z) ' 


c{Z) + d{Z){^{Z) 


-V{E)) _ 




. hiZ) _ 
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Since for Z, A e n"i^"i x • • • x n""^"" one has 



h{Z) 

f2{Z) 



by settmg A := ii' in this equality we get 

/i(z) = /(z), zen"i^"i X •••xn""^"". 

Therefore, forevery Z, A e n"i''"i x • • - xH""^"" we get [(p{A)-if{E)]* f2{Z) = 0. 
This implies that for every Z e n"i """i x • • • x 11""^"" and u e U one has 
/2(Z)u ± n. But /2(Z)u e Therefore, /2(Z)ii = 0, and /2(Z) = 0, i.e., 

c{Z) + d{Z)[(p{Z) - ^{E)] = 0. (2.10) 

Since for every Z e n"i^"i x • • • x n""^"" the operator P{Z) := X;r=i ^fe ® ^fe 
has positive definite real part, i.e., P(Z) + P{Z)* > azlj\/ > for some scalar 
az > 0, the operator d{Z) = Pun* P{Z)hi\H has positive definite real part, too. 
Therefore, d(Z) is boundedly invertible for all Z G n"i ^"^ x • • • x n""^"". From 
(PIUI) we get (f{Z) - ipiE) = -d{Z)'^c{Z), Z e n"i^"i X • • • X n""X«„^ and 



71 iV X n jv 



/(Z) = /i(Z) = a(Z) - b{Z)diZ)-^c{Z), z e n"i^"i X • • • X 

Taking into account Rcmark l2.1l we get / G S,ij^...^„„ (Z^). 

Functions <yj(Z) — = —d{Z)^^c{Z) and, hence, Eire well-defined, 

holomorphic and homogeneous of degree zero on ^m,...,nNi thus (|2.6|l holds. 

The proof is complete. □ 



3. The class Bni,...,nMi^) functional calculus 

Let us observe now that ()2.3|l is equivalent to the couple of identities 

N 

/(Z) + /(A)* = ^^fe(A)*((Z, + A^)®/^J^,(Z), (3.1) 
fe=i 

N 

/(Z)-/(A)* = ^v'fc(A)*((Zfc-A*)®/^J^fc(Z) (3.2) 
fe=i 

vahd for all Z, A S n"i x • • • x H""^"". We will show that the double Cay- 
ley transform !F = C{f) applied to a function / from the Bessmertnyi class 
^Tii,...,Tijv (^) a-nd defined as 

T{W) = [/((/„, + Wi){I„, - Wi)-\ . . . , (/„„ + W^jv)(/„„ - Wn)-') - lu] 

X [/((/„, + VKi)(/„, - VKi)-i, ...,(/„„+ VKAr)(/„„ - Wn)-^) + /w] (3.3) 

(compare with p.6|) ) turns the first of these identities into an Agler-type identity 
which characterizes the Agler-Schur class of holomorphic L(W)-valued functions 
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on the product of open matrix unit disks 

©"ixni ^ . . . ^ pnjvxnjv { = (VFi , . . . , VFat ) G C"i X • • • X C"" : 

The latter is a special case of the Agler-Schur class of holomorphic L{U)-va\ued 
functions on a domain with matrix polynomial defining function, which was studied 
in 12] and [3]. This allows us to obtain one more characterization of S„j ...^„„ (ZY). 
Let P(w), w € C", be a polynomial p x q matrix valued function, and 

Vp {w e C" : \\P{w)\\ < 1} 

(here and in the sequel the norm of a p x g matrix means its operator norm with 
respect to the standard Euclidean metrics in and C^). Let Cvp denote the set of 
commutative n-tuples T = (Ti, . . . , T„) of bounded linear operators on a common 
Hilbert space Ht subject to the condition ||P(T)|| < 1. It was shown in that 
the Taylor joint spectrum (Tt(T) (see |15l 116' and also jSi) of any T € C-pp is 
contained in Pp. Thus, for any function S holomorphic on Vp and any T G Ct>p 
the operator S'(T) is well defined by the Taylor functional calculus (see |14l I17| 
and also "S"). For the domain T>p, the Agler-Schur class AS-r>p{£,£^) consists of 
all holomorphic L(i£', iS'^)-valued functions J-' on T>p such that 

||^(T)||<1, TeCvp. (3.4) 

Recall the following theorem from [^j (the case when £ = = C can be found in 
[2]), however in a slightly simplified form which will be sufficient for our purpose. 

Theorem 3.1. Let T he an L{£,£^) -valued function holomorphic onVp. Then the 
following statements are equivalent: 

(i) : £ASvp{£,£,); 

(ii) : there exist an auxiliary Hilbert space M. and an L{C-^ (g) M.,£ ^)-valued 
function holomorphic on T>p such that 

h, - T{w)T{luY - H^{w) {{Ip - P{w)Piujy ) ® Im) H'^H* (3.5) 

holds for all u),U! €z T>p; 

(iii) : there exist an auxiliary Hilbert space A4 and an L{£, (i) AA)- valued func- 
tion H^ holomorphic on T>p such that 

h ~ H^)*T{w) = ff«(^)* ((/, - P{u;YP{w)) ® Im)H''{w) (3.6) 

holds for all w,uj £ 2?p; 

(iv) : there exist an auxiliary Hilbert space M., an L[<CP®M., £ ^j- valued function 

and an L{£,C'^^A4)-valued function H^, which are holomorphic onDp, 
such that 

' Is ~ T{lo'YT{w) T{uj'Y - T{loY 
T{w') - T{w) Is, - T{w')T{ujY 

(\ Iq- P{U0'YP{W) P{UJ'Y - P{^)* 

'^\[ P{w')-P(w) Ip - P[w')P{ujY 



H'^iLu'Y 
H^{w') 



(3.7) 



Im 



H'\w) 
H^{ujY 
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holds for all w, w' , uj, uj' G T>p; 
(v): there exists a Hilbert space X and a unitary operator 



U = 



A B 
C D 



(3.8) 



such that 

F{w) =D + C{P{w) ® Ix) {Ic->r^x - A{Piw) ® Ix)y' B (3.9) 
holds for all w Cz Vp. 

In 12] it was shown how to obtain from H3.5|l a unitary operator H3.8() which 
gives the representation (|3.9() for an arbitrary e AS-pp {£, S^,)- We wiU show now 
how to get from (|3.7|l a special unitary operator H3.8(l and representation H3.9|l for 
an arbitrary e ASvp{£,£^,)■ Let ()3.7|l hold for such where a Hilbert space 
A4 and functions H^, are such as in statement (iv) of Theorem l3.1l Define the 
lineals 



span 



{P{w)®Im)H^{w) 



w,ujeVp, ee£, e* e } C (CP (SM)(B£, 



TZq :— span 



T{w) 



and the operator Uq : Vq TZq which acts on the generating vectors of Vq as 



{Piw)(g)lM)H^{w) 
Is 



H^{w) 



e, w £ Vp, e g £, 



e*, UJ £ Vp, e £* 



This operator is correctly defined. Moreover, Uq maps Vq isometrically onto TZq. 
Indeed, H3.7|l can be rewritten as 



H^iw')iP{w')(g,lM) Is, 

H"{lo'Y{P{u')* ®Im) Is 

H\w') F{w') 

which means that for 

(Piw) Im)H"{w) 



H^iw) {P{uj)* ®lM)II^{^y 
^{w) Is, 

{P{w)®Im)II^{w) H^{oj)* 
Is r{uj)* 



{P{w') ® Im)II^{w') 
Is 



one has 



e' + 

{Uqx,Uqx') = {x,x') . 
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Clearly, Uq can be uniquely extended to the unitary operator Uq : clos(I?o) 
clos(7?.o). In the case when 

dim{((C?' (»M)®£)e clos(I?o)} = dimiHC^ ® M) G clos(7^o)} (3.10) 

there exists a (non-unique!) unitary operator U : (C^ G A4) © f — > (C? (E) M) © £* 
such that C/|clos(I?o) = Uq. In the case when (|3.10|) doesn't hold one can set 
M := A4 (S) IC, where K. is an infinite dimensional Hilbcrt space, then 13.10|l holds 
for Ai in the place of Ai , and there exists a unitary operator U : (C ) ® £ ^ 
(C (8) M) © £» such that C/|clos(I?o) = ^^o- Thus, without loss of generality we 
may consider that H3.10|l holds. 

Let U have a block partitioning 



U = 

Then, in particular. 



A B 
C D 



'(g)7W)®f, 



A B ' 




■ (Piw) (g) lM)H'^iw) ' 






C D 




Is 







(3.11) 



Since for w e Dp one has ||P(w)|| < 1, and since ||y4|| < 1, we can solve the first 
block row equation of (|3.11|) for H^{w): 

H^{w) = {Ic.®H - A{P{w) ® Im))~^B, w e -Dp. 

Then from the second block row of H3.11|l we get 

J^{w) =D + C{P{w) ImWc^m ~ A(P{w) ® Im))~^B, w E 2?p, 

i.e., (ESI with X ^M. 

We are interested here in the case of the Agler-Schur class for the domain 
Dp where the domain Vp is D"iX"i x • • • x p"Nxnjv^ g^j^^ ^j^g polynomial which 
defines this domain is 



P{W) ^di(ig{Wi,...,WN), We 



Here W may be viewed as an {nl 



-tuple of scalar variables {Wk)ij, k = 



I,. . . ,N, i, j ^ 1, . . . ,nk. We will write in this case y^5„i_. .._„„(£, f^) instead of 
ASxip {£,£^), and if £ = we will write -4iS„j_...^„„ {£). The class C-pp is identified 



for Vp = 



jn«xn„ ^^^]^ ^Yie class C("i' 



of A^-tuples of matrices 
e g^ixrii X ... X over a common commutative operator 



T= (Ti,...,Tjv 

algebra ;Bt C L{Ht), with a Hilbert space Ht, such that ||Tfc|| < 1, fc = 1, . . . , A^. 

Denote by ^("i. ^he class of A^-tuples of matrices R = (i?i, . . . , i?Ar) £ 
gnixni^ • -xS^"^"" over a common commutative operator algebra Sr C L{Hr), 
with a Hilbert space TCu, for which there exists a real constant sr > such that 



Rk + Sr/c„ fc = 1, 



,iV. 
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Theorem 3.2. For any R G ^ 

crT(R-) c n"!"""! X • • • X n"""""", 

where (Tt(R) denotes the Taylor joint spectrum of the collection of operators 
{Rk)ij, k=l,...,N, ij = 1, . . . ,nk. 

Proof. It is shown in |13| that the Taylor joint spectrum ctt(X) of an n-tuple of 
commuting bounded operators X = {Xi, . . . , X„) on a common Hilbert space Tix 
is contained in the polynomially convex closure of a^r (X) , the approximate point 
spectrum ofK. The latter is defined as the set of points A = (Ai, . . . , A„) G C" for 
which there exists a sequence of vectors hi, e Tix such that = 1, G N, and 
{Xj — \jluyi)hv ^ as — !■ oo for all j = 1, . . . , n. Thus it suffices to show that 

a^(R) :=a,({(Rfc),, : k^l,...,N, z, j = 1, . . . ,nfc}) C H^^^^"^ x • • • x 

whenever R e ^nd Rk + Rl> slc^.^n^ > 0, fc = 1, . . . , TV, where 

n^^" {M e C"^" : M + M* > s/„}, 

since 11"'^ ^"^ x • • • x n""^"" is convex, and hence polynomially convex, and since 
jjnixm X ... X n^«x«„ c n"i^"i X . . . X n""^"" for s > 0. Suppose that A = 
(Ai, . . . , An) G (T7r(R). Then there exists a sequence of vectors hi, g Tin such that 
\\h„\\ = 1, e N, and for fc = 1, . . . , iV, i, j = 1, . . . ,nk one has 

{{Rk)i] - [Ak)ijInY^)K as ^ oo. 

Therefore, for every fc e {1, . . . , iV} and = col(ufci, . . . , Ufen^) G C"*" one has 

XlXl + iRk)]^)K,hl,) - ((Afc)y + (Afc)ji) {h„,h„)j ukiWJ-^0 

i=\ ]=\ 

as, V ^ oo. Since {hu^hu) = 1, the subtrahend does not depend on v. Therefore, 

s{uk,Uk) = s lim {uk®h„,Uk®hi,) 

V — >C30 

< lim {{Rk + Rl)uk® hi,,Uk® hi,) 

V — >oo 

"fc "fc 

"^"^ i=l j=l 

= ^ E'^'^^'^-''^' {Ak)ji)ukiUkJ = ((Afe + Al)uk,Uk) ■ 

Thus, Afc + A* > s/„, , fc = 1, . . . , TV, i.e., A e H^^ """i x . . . x n^" x"„ ^ as desired. 

□ 

Theorem l3 . 2l implies that for every holomorphic function / on n"i^"i x . . . x 
jj"ivx"jv ajjj gygj.y ^ g _4("i,. ..,««) ^i^g operator /(R) is well defined by the Taylor 
functional calculus. 

The Cayley transform defined by 

Rk — {Ic"k^H-T + Tk){Ic"k^H-T — Tk)~^ , k—l,...,N, (3.12) 
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maps the class onto the class _4*-"i^ ' '"™'', and its inverse is given by 

Tk^{Rk-Ic-.<»HjiRk+Ic-^®Hj~\ k = l,...,N, (3.13) 

where Hr = Ht- Let / be an L(Z^)-valued function holomorphic on n"i^"i x 
• • • X n""''"". Then its double Cayley transform = C(/) defined by 1(221 is 
holomorphic on x • • • x ][])"« xnw^ g^j^j ^.j^g spectral mapping theorem 

and uniqueness of Taylor's functional calculus (see one has 

T{T) = /(R), 

where T G C^^i,---."n) ^nd R G y^("i^-."iv) ^re related by and l|TT^ . 

Theorem 3.3. Let / &e an L(U)-valued function holomorphic on n"i^"i x • • • x 
jjnjvxrijv^ r/ien / G Bni,...,nN(M) */ '^^'^ onZy i/ f/ie following conditions are satis- 
fied: 

(i) : f{tZ) = i/(Z), <> 0, Z e n"i^"i X • • • X n""^""; 

(ii) : /(R) + /(R)* > 0, Re ^^("i^-."") . 

(iii) : /(Z*) :=/(Zi*,...,Z^) = /(Z)*, Z G n"i ^"i x • • • x H"" . 

Proof. Necessity. Let / e (Z//). Then (i) and (iii) easily follow from the 

representation l|2.1|l of /. Condition (ii) on / is equivalent to condition H3.4|l on T 
which is defined by H3.3(l . i.e., to T ^ (Z-/). Let us show the latter. Since 

by Theorem 12. 21 f satisfies H2.3II . and hence (|3.1|l . one can set 

Zk = (In, + Wk)iln, - Wk)-\ Afc = (/„, + Sfc)(/„, - Ek)-\ k^l,...,N, 

in l|3.1|l and get 

{lu + Hw)){iu - Hw))-' + {lu - n^r)-\iu + H^r) 

N 

= 5]0^.(S)* {{{In,+Wk){In,-Wk)-' + (/„, -SD-l(/„, ®/a<.} 
k=l 

X ei{W), T^,S e D"!"""! X •• • X D"""""", 
where for k = I, . . . , N, 

0UW) = ipk ((/„! + Wi)iln, - Wi)-\ (/„„ + WnKIu^ - Wn)-') ■ (3.14) 
We can rewrite this in the form 

N 

lu - H^YHW) = ^fc(^)* ((^"-^ - ® lM,)OkiW), (3.15) 

where for k = I, . . . , 

OkiW) = {iIn,-Wk)-^®lM,)OliW){Iu-T{W)) e L(Z^,C"'= 0A^fc). (3.16) 
The identity H3.15|) coincides with (|3.()|l for our case, with 

H^'iW) = col(0i (W), . . . , 0jv(W^)) e L I^Z^, (C"*^ ® Mk)^ , 

P(M^) = diag(VKi,...,W^jv). 
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Note, that without loss of generality we may consider all of Mk's equal to some 
space M, say, M = ©f^^ Mk- Then H^{W) e L {U, C"i+- +"" » M). By The- 
orem ISTI this means that g ,45„j^_...^„„ (Z^). 

Sufficiency. Let / satisfy conditions (i)-(iii). Since (ii) is equivalent to G 
-4'5„^,...^„„ (Z^), where is defined by (|3.3|l . the identity (|3.15l) holds with some 
L {U, C"'= (g) A^)-valued functions 0k holomorphic on D"i ''"i x • • • x D"~ , k = 
1, . . . , TV, with an auxiliary Hilbcrt space M (spaces Mk can be chosen equal in 
(EUl)). Set 

Wk = {Zk-In,){Zk+In,y\ Sfc = (Afe-/„J(Afe+/„J-\ k=l,...,N, 

in H3.15|l . and by virtue of (|3.3(l get H3.1|l with 

<fk{Z) = {{In, + Zk)-^) ® Im) 

X Ok {{Zi - /„J(Zi + ...,{Zn~ In^){ZN + 

X {Iu + f{Z))(^L{U,U"' ®M), k^l,...,N (3.17) 

(in fact, passing from H3.1|) to H3.15|l is invertible, and H3.17|l is obtained from 
(|3.14() and H3.16|l . and vice versa). The property (iii) implies f{X) = f{X)* for 
every A^-tuple X = {Xi, . . .,Xn) e n"i^"i x • • • x H""^"" of positive definite 
matrices (we will denote this set by ^("i'- -."™))^ and for any such X and t > by 
(|3.1() one has: 

JV 



f{x) + f{tx) = {i+t)Y,Mtxr{Xk®iMWk{x), 

k=l 

JV 

f{tx) + f{x) = {i + t)J2Mxr{Xk<i^iM)Mtx), 



k=l 
N 



l±l[f{X) + f{X)] = i±^^<^fc(X)*(2Xfe®/^)^fe(X), 

k=l 
N 

^^[f{tX) + fitX)] = ^J2'^MtXr{2tXk<»lM)MtX). 

k—1 

By (i), the left-hand sides of these equalities coincide and equal {l + t)f{X), hence 

JV JV 

f{X) = ^^fc(tX)*(Xfe®/Ai)(/?fe(X) = ^^fc(X)*(Xfe®/^)(^fe(iX) 

k=l k=l 
JV JV 

= J2'fik{xy{Xk®iM)Mx) = J2Mtxy{Xk® lM)fk{tX). 



k=l k=l 
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It follows from the latter equalities that 

N 

< Y.^Mtx)-Mx)]*{Xk<»iM)[Mtx)~(Pk{x)] 
fc=i 

N N 

k=l k=l 
N N 

- j2^''(^y(^'''^^MWk{tx)+j2Mxnxk<i^iM)Mx) = o. 

k=l k=l 

Thus (fikitX) - (fikiX) = for every X e t > and fc = 1, . . . , A^. 

For fixed k £ {1, . . . , A^} and t > the function hk,t{Z) := ^kitZ) - (pk{Z) is 
holomorphic on n"i ^"i x • • • x H""^"" and takes values in L{U, (g) M). Then 
for any fixed k £ {1, . . . , iV}, i > 0, u eU and m G C"* (g) A4 the scalar function 
hk,t,u,m{Z) := (/ifc,t(^)M,TO)c-;=(g.;w is holomorphic on n"i ^"i x • • • x n""^"" and 
vanishes on •pt"!. --."^)^ 'pj-^g latter set is the uniqueness subset in n"i^"i x • • • x 
jjrijv xriN^ thus by the uniqueness theorem for holomorphic functions of several 
variables (see, e.g., |T^), hk,t.u,m{Z) = 0, hence hk^t{Z) = 0, which means: 

iPk{tz) = ipkiz), t>o, z e n"i^"i X •• • X n""X«". 

It follows from the latter equality that for every Z, A e n"!^"! x • • • x n""^"-" 
and t > one has 

N 

f{Z)+tf{Ar - /(Z) + /(tA)* -^^fc(tA)*((Z,+tA*)®/^)^fc(Z) 

A;=l 

N 



J2 M^y {{Zk + tAi) (g im) mz) 



k=l 

N 

= ipk{A)* {Zk (E) Im) MZ) + tifikW* (Afe » Im) MZ), 
fc=i 

and the comparison of the coefhcients of the two linear functions in t, at the 
beginning and at the end of this chain of equalities, gives: 

AT 

f{z) = Y ^fe(^)* ® ^-^) ^^(^)' ^' ^ ^ n"i><"i X . . . X n""><"", 
fe=i 

i.e., (E3 with Mk= M, A: = 1, . . . , iV. By Theorem / e Bn,,...,n„{U). The 
proof is complete. □ 

Corollary 3.4. Let f be an L(U) -valued function holomorphic on flni,...,nN- Then 
f G Bni,....nN^) if o-nd only if the following conditions are satisfied: 

(i) : f{\Z) = \f{Z), A e C \ {0}, Z e f2„„...,„„; 

(ii) : /(R) + /(R)* > 0, Re ^("i. -."«). 

(iii) : /(Z*) - /(Z)*, Zg17„„...,„„. 
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Proof. If / G Bni,...,nM(^) then (i) and (iii) foUow from the representation H2.1|l - 
(E3 of /, and (ii) foUows from Theorem 

Conversely, statements (i)-(iii) of the corroUary imply statements (i)-(iii) of 
Theorem l3.3l which in turn imply that / G Bni,...,nN^)- 

Remark 3.5. By Corollarv l3.4l its conditions (i)-(iii) on holomorphic L{U)-Yahxed 
functions on ^ni,...,nN ^-i^ equivalent definition of the class ,B„j^...^„„ (Z^), which 
seems to be more natural than the original definition given above in "existence" 
terms. 



4. The image of the class under the double Cayley 

transform 

It was shown in the proof of Theorem 13 . 31 that if / G S„j_...^„„ (ZY) then the double 
Cayley transform oi f , T = C{f), defined by H3.3() . belongs to the Agler-Schur 
class ASni,....nNi^)- III fact, we are able to proof a stronger statement. 

Theorem 4.1. A holomorphic L{U)-valued function T on x • • • x ©""X"" 

can he represented as T = C{f) for some f G (Zi) if and only if the 

following conditions are fulfilled: 

(i): There exist a Hilbert space X and an operator 



U 



A B 
C D 



G L((C"i+-+"" ®X)®U) (4.1) 



such that forW ^ (Wi,..., Wn) G P"iX"i x • • • x P"«x«„ g^e has 

TiW) = D + C(P{W) (g> /;t)(/c"i+-+"«®;t - AiP{W) (g> Ix)r^B, (4.2) 

where P{W) = diag(Wi, . . . , Wn) and U ^ U* ^ U-\ 
(ii): l^ainO)). 

Proof Necessity. Let / G K„i....,„„ (W). Then H3.1|l and (|3.2(l hold. As we have 
shown in Theorem 13. 31 the identity 1)3. l|l implies the identity (|3.15(l for T = C{f), 
with holomorphic L(W, (g) A^fc)-valued functions 0k, fc = 1, . . . , A^, on ©"i x"i x 
• • • X D""X"« defined by and (|XT^ . Analogously, the identity imphes 

N 

J^{W)-J^{Er = ^(?fc(S)*((W^fc-SD®/.Mj^?fc(W^), (4.3) 

fc=i 

W,E e D"i^"i X • • • X ]D)""X"«^ 

Let us rewrite (|3.15|l and (|4.3|l in a somewhat different way. Since by Theorem 13. 31 
/ G Bm,...,n^{U) satisfies f{Z*) = f(Z)\ Z G n"i ^"i x • • • x n""'<"", one has 
also 

T{W*) = T{W)\ W G D"!"""! X • • • X D"""""". 
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Therefore, H3.15|l and (|4.3|l are equivalent to the following two identities, respec- 
tively: 



N 

Iu-HW)H^r - -M/fcS^)®/^J^?fc(sr, (4.4) 

k=l 
N 

^(M^)-^(sr = ^0~fc(w^)((M^fc-sD®/^j0";(sr, (4.5) 

k=l 

W,Ee X • • • X P"«xnN^ 

where 6k{W) = 9k{W*)* are holomorphic L(C"'= (8) A^fc,Zi)-valued functions on 
jjmxni ^ ... ^ jjnwxnjv^ ^j^j gj^^^ ^.j^g identities gSI) and gSJ allow 

us to construct a Hilbert space X and an operator U satisfying condition (i) of 
this theorem. To this end, we will apply the construction from Section |31(next to 
Theorem ll-{.l|l to = C(/). In this case £ = S^, — U . Without loss of generality we 
may consider all of A^^'s equal. Say, set Ai := ®k=i and regard 



^dk e L{U,C"' ^M), Ht =9ke LiC"- (E)M,U), fc = 1, . 



Then iB^ and ig^Jl imply igTI), and 

where i?^(M^) = col(H^(W),...,H^(W)), H^^ = co1(H5^(W), . . . , Hg(W)), We 
pm xni X . . . X jjnN xnN xhus, Vq^TZo, and the operator C/q acts on the generating 
vectors of Vq as follows: 

{P{W) (E) Im)H^{W) 
H"{W) 



T{W) 



u, 



(PiW) ® Im)H^{W) 
lu 



u, 



W e 



xrii 



We used here the relations T{W*) = T{W)*, H^{W*) = H"iW)*, P{W*) = 

diag(W^ . . . , W^f) = P(W)*. Th us Up = U^K Therefore, Uq = Uo^\ Since p = 
q = ni + ■ ■ ■ + njy, £ — = U, 13.10() holds. Then the operator 

U^Uo® /((c"i+-+"«8A^)©w)ecios(Po) e i((C"i+-+"" ®M)®U) 

satisfies U = U~^. Since we have also U* = U~^, (i) is satisfied with X — M. 

Statement (ii) follows in the same way as in (S) Theorem 4.2], with E = 
(/„! ,...,/„„) in the place of e = (1, . . . , 1). 

Sufficiency. Let the conditions (i) and (ii) on !F be satisfied. Then in the 
same way as in Theorem 4.2] one can see that 1 ^ a{!F{W)) for all W G 
pmxni X ... X D««xn«^ rpj^^g^ ^^ic function 

F{W) := {lu + T{W)){Iu - T{W))-^ 
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is correctly defined and holomorphic on D"i^"i x • • • x ][])"« x"iv^ jg gg^gy to see 
that 

F{W) + F{~r = 2{Iu - T{Er)-\lu - TiEyTiWWu - HW))-\ (4.6) 



F{W) - = 2ilu - T{Er)-\:F{W) - T{Er){Iu ~ T{W))-\ (4.7) 

As shown in P], it follows from (|4.2|) that 

lu-J'i^rJ'iW) = i?*(/c.i + ... + .„«;,-(P(S)*®/;,)^*)-l 
X ((/c.i + ..- + .„ - PiE)*P{W)) ® Ix) 



Since [/ = [/*, we get 

Iu-T{ErT{W) = ^i?*(/c.i + - + -.„^;,-(P(S)*®/;t)A)- 



fc=l 

X (Pc". /;t)((/n. - ElWk) ^ Ix){Pc-. /^) 

A(P(W^)(^/;t))"'P. 



N 



Analogously, 

k=l 

X (Pc". ® /A')((W^fc - ^l) ® /;t)(Pc". ® Ix) 

X (Vi + ... + .„«;,-A(P(W^)®/;,))-lp. 

Thus, from (|4.6|l and H4.7(l we get 

N 

FiW)+F{Er = ^ffc(S)*((/„, -S*W-fc)®/;,)a(W-), (4.8) 

k=l 

N 

F{W)-F{Er = ^a(S)*((l^fc-S*)®/;,)a(W^), (4.9) 

k=l 

with 

^,.(M^) = V2(Pc".«/,)(/c.i+-+-.„«;, - A(P(W^) ® Ix))-'B{Iu - J'{W))-\ 

for all g D"i x • • • x ©«" xn„ and fc = 1, . . . , TV. Since for Zk,Ak £ 0"*= 
we have 

= 2(A^ + /„J-i(^fe + Al){Zk + InJ-\ 
(Zfe - /„ J(Z, + /„ - (A* + /„ J-i(A* - /„, ) 
= 2(A* + /„J-i(^fc - At)(Zfc + /„J-i, 
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by setting Wu ■= [Zk - /„J(^fe + /nj ^ and (Afc - /„J(Afc + /„J ^ in 

and we get the identities (|?!T|) and for 

f{Z) = FiiZ, - /„J(Zi + /„J-\ . . . , (Zw - /„„)(Zw - In^y'), 

with 

¥.fc(Z) = V2((Zfe+/„J-l®/;,) 

X (.kiiZl — Ini){Zi + Ini) ^, . . . , (Zat — /„„)(ZAr — ) 

for k = l,...,N. Thus, by Theorem we finaUy get J" = C(/) where / G 
Bm,...,nN^)- The proof is complete. □ 



5. The "real" case 

In Section^we have mentioned the notions of an anti-unitary involution (AUI) i = 
bu on a Hilbert space hi (a counterpart of the operator i„ of complex conjugation 
on C"), a (ti^, i3;)-real operator A e L{U,y) (a counterpart of matrix with real 
entries), and a {tu , Ly)-Teal operator- valued function / (a counterpart of function 
which takes real scalar or matrix values at real points). Some basic properties of 
AUI were described in Proposition 6.1]. We will need also the following property. 

Proposition 5.1. Let Ly and i-^ be AUIs on Hilbert spaces hi and Ti, respectively. 
Then the operator Lu<»n — I'll ® f-i-t on hi ^Ti. which is defined on elementary 
tensors u® h as 

{iu ® ''h)(u ® h) = iuu ® huh (5.1) 

and then extended to all ofhi®'H by linearity and continuity, is defined correctly 
and is an AUI on hi ®TL. 

Proof. First, let us observe that iu^H is correctly defined. To this end, note that 
for arbitrary x' = X)a=i ® ^" = X^/jLi ® from hi i^H we have 

a=l (3=1 

I rn I ni 

= (^"""' ('■«^"' '^'^p)h = ("/^' (^/^' 

a=ip=l a=l/3=l 
/ m 

= E E ("^ ® < ® '''o')u^H = (^"' ' 
a=l /3=1 

i.e., iu<sn is an anti-isometry on linear combinations of elementary tensors. Thus, 
it is uniquely extended to an operator on all oihi ^Ti., and the property (|1.9|) of 
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the extended operator foUows by continuity. Since for arbitrary x' = 'Ylia=\ '^a®^a 
and x" — Yl^=i^'B®^'r3 from U ®1-L vfe have 



( 



I m 

EE 

I m 



(4< 



= EE«®'^"'"I^®^/^)i 

Q = l 13=1 

by continuity the property (|1.8|l of twigiH foUows as well. Thus, Lu(^n is an AUI on 
U®l-L. □ 

Let U he a. Hilbert space, and let t = L14 be an AUI on U. Denote by 
LRBni,. ..,71^^) the subclass of Bni,...,nj^{U) consisting of i-real functions. The 
following theorem gives several equivalent characterizations of the "t-real valued 
Bessmertnyi class" tMi3„^^..._„„ {U) which specify for this case the characterizations 
obtained above for the "complex valued Bessmertnyi class" S„j ...^„„ (Z//). 

Theorem 5.2. Let f be a holomorphic L(U)-valued function on f2ni,...,rajv; ^.i^d 
i = ill be an AUI on a Hilbert space hi. The following statements are equivalent: 

(i) : /e (Zi),- 

(ii) : there exist a representation (|2.1|) of f and AUIs on A4k, k = I, . . . , N , 
such that the operators Gk in (|2.2II are (lk i-^, (g) ij^^)-real; 

(iii) : there exist a representation H2.3|l of f and AUIs on A4k such that the 
holomorphic functions ipk{Z) are {iu, inu ® '-Mk)~'''^o,l, fc = 1, . . . , N ; 

(iv) : there exist a Hilbert space X and an operator U as in 14.1|l such that 
T — C{f) satisfies H4.2|l and U = U* = U^^; moreover, there exists an AUI 
ix on ?C such that the operator U is (('•niH — ® ix)® iu)-real. 

Proof. (i)=4>(iii) Let (i) hold. By Theorem l2 . 21 there exists a representation H2.3() of 
/ with holomorphic L{U, C"^«)A^fe)-valued functions ipk on n"i ^"^ x • • . xH""^"" . 
Let be an AUI on Aik, and let be a standard AUI on 0"*=, i.e., a complex 

bMu 



conjugation. Set Mk '.— M.k © M.k and t 







fc = 1, 



,N. 



Clearly, lj^ is an AUI on fe . Define the rearrangement isomorphisms Vk : 
{Mk © Mk) ^ (C"^ ® Mk) © (C"^ ® Mk) by 



TOil 



mil 

min^ 
m2i 

m2nk 
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Then 



Set 



(5.2) 



where Z = [Zi, . . .,Zn), and {Zk)ij = {Zk)ij, k ^ 1, . . . ,N, i, j = 1, . . . , n^. By 
properties of AUIs, ipk{Z) is holomorphic on n"i^"i x • • • x n""'*"". Moreover, 
(fk is {lu, i-uk ''M^.)'^^^^- Indeed, due to H5.2|l we have 



= V^k{Z). 



M 







)Vk{Z)bu 


{l^Uk ® iMkfVk{Z)lli 
{ink ® l'Mk)^k{Z)LU 

Vk{Z) 
{l-Uk ^ I^Mk)fk{Z)iU 



Vk{Z) 
[ink ® t'Mk)'~Pk{Z)Lu 



Let us show that 



AT 



fiZ) = J2^k{Ar{Zk®Ij^-J^k{Z), Z,AeU' 



X • • • X n" 



k=l 



To this end, let us show first that for fc = 1, . . . , iV: 



X • • • X n" 



(5.3) 



Indeed, for any m e C"'' (g) TWfc, ueU, A e 11" 



X • • • X n" 



one has 



(^iUU,^k{A)* {ink ® ''Mk^^)u 
ink ® ^Mk ^ / 



C^k^Mk 



(pk{A)iuU, { 

ink ® ^Mi. )^ 



C^k^Mk 
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Now, for any Z, A e n"i"="i x • • • x n""^"": 

AT ^ N 

2 



N N 

^ ^(A)*(Zfe ® I-j^J^kiZ) = - ^ 



fc=i 



k=l 



JV r 



fc=i 



Zfe (g) /tw. 



(tnt «) LMu)Vk{Z)iU 
1 ^ 

-^^fc(A)*(Zfc®/^J^fc(Z) 
fc=i 

1 ^ - 

fc=l 

- J2 M^)*iZk Im.)MZ) + J2 

I^UVk{^)*{Zk ® lMk)Vk{Z)iU 
\k=l k=l J 



{f{Z) + iuf{Z)iu)=f{Z), 



where we used (|5.3f) . unitarity of V^, and identity Ln^ZkLuk = Zk - Thus, (iii) follows 
from (i). 

(iii)^(ii) Let (iii) hold. As in the sufficiency part of the proof of Theorem 12. 31 
we set 



N 



:^ 0(C"'= ® Mk), v{Z) col(^i(Z), . . . , (^jv(^)) e mM). 



k=l 



Pk Pm„ (/„, ,...,/„„) e n"^ X ... X n"" , 



n clos spanAgn"ixnix...xn»NxnN {(<y3(A) - (^(E))W} C TV, 
" ip{E) 
Ih 



Gk := {In^ (S> Pk)n 



where k : X (SH ^ N is defined by (EiUl. For = 



has 



^(Z) - ^{E) 

f{E)U — U ® {0}, therefore the linear span of vectors of the form ip{Z)u, Z E 
jjmxni X ... X n""X"", u€U, is dense inU®n. Set i^T := ©f^iC^n^ <^ ^aiJ. 
By the assumption, we have for k — 1, . . . , N: 

iLn,<E>LMMz)^Mzyu, zen"ix"i ^ ...xn""X"«. 
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Therefore, 



ij^{ip{Z) - ip{E))u = {ip{Z) - ip{E))Luu en, ueU. 



Thus ijsfli. C n.. Moreover, H. — lJ^H C L_\fTi., therefore lj^TI = Ti.. Set lu '■= ij\f[H- 



Clearly, iu is an AUI on Ti, and 

{iu © t-H)V'(^) = Hz)iu, z e n"i^"i X • • • X n"~^"". 

Let us verify that Gk is {lu ® t-^, ^rifc ® '•Xfc)-real, fc = 1, . . . , iV. 

(t«fc ® LMk)Gk'^{Z)u 



[ink ® I^Mk){Ink ® Pk)n 
(in, ®I^Mk){Ink ®Pk)l^ 
ipk{Z)iuU = (/„fc (g) Pfc)K 



^(E) 




U ^ {ink ® iMk)'Pk{Z)u 



Iu 



LuU 



ipiZ) - ^{E) 

ip{E) 
Ih 

= Gki^(Z)Luu ^ Gk{iu ® i'n)^{Z)u. 

Since the linear span of vectors of the form ^(Z)u, Z e n"i ^"^ x • • . xll"" , u £ 
is dense inU (BH, the operator Gk is (iu t-^, (Xi tA^j.)-real, as desired. 
(ii)^(i) Let / satisfy (ii). Then by Theorem lO f e S„,,...,„„ (Zi). Let us 
show that the operator-valued linear function A{Z) from (|2.2() is tiy ® t-^-real. 
Since Gk is (t^ ® tw, ^ /-AiJ-real, one has Gki^u © iw) = ® i'Mk)Gk and 



1, . . . , iV. The latter equality follows from the 



fact that for every h e C"*" Mk, x eU®H: 
= {Gk{iu ® ''n)x,h)c^^^^^ 

Therefore, 

N 



{Glibnu ® ''Mu)h,x)^^^. 



[t-U © i'H)A{Z){iu © t^^) = Y^ii-u © tw)G^(^fc ® lM^)Gk{l^U © t-H) 



fc=l 



N 



^Gfe(i„, (»tA^J(Zfe®/Mj(t„, (^tAiJGfc = ^Gfc(i„,Zfei„, ®lM,)Gk 



fc=i 

AT 



/c=l 



k=l 



The latter is equivalent to the identities 

Lua{Z)Lu = a(Z), Luh(Z)Ln = b{Z), 
Luc{Z)iu = c(Z), bud{Z)bu = 
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Since ~ I-h and 

{Lnd{zy^ in) ■ {iHd{Z)iu) = {tnd{Z)Ln) ■ {Lnd{zy^tn) = In, 

one has 

LHdiZyhn = {ind{Z)iH)-^ = d{Z)-\ 

Therefore, 

IHZ) = iu.f{Z)iu=MZ)~b{Z)d{Z)-^c[Z))iu 

= Lua{Z)Lu - (Lub{Z)Ln) ■ {Lnd{zy^ i-n) ■ (/■nc{Z)Lu) 
= a(Z)-b(Z)d{Z)-'c{Z) = f{Z), 

and / is ij^-real. Thus, (i) follows from (ii). 

(iv)^(i) Let (iv) hold. Then the operator U ~ U* ^ U^^ from H4.1|l is 
((/,„!+...+„„ (g) Lx) ® iz^)-real, i.e.. 



iu 





■ A 


B ' 






C 


D 





''ni+---+njv ® ''X 

iu 





■ A 


B ' 




C 


D 



This is equivalent to the following identities: 

(i„i+...+„„ ® Lx)A{ini+---+nN ® ''X) ~ A, {ini + .-.+nn ® 1-x)Blu = B, 

Moreover, for e D"i^"i x • • • x D""^"" one has 

(tjiiH hnjv ® ^X A{P{W) <E) Ix)){ tniH hnjv ® ^X j 

= ('-ni+'-'+niV ® ''A')^ — ('•ni + ---+niv ® l-x)A{l-ni^ hnjv '8) (.;t) 

X (i„^+...+„„ (g) iA')(P(M^) (g) Ix){hn+---+nN <g iA-) 

Therefore, 

('-niH hnjv ® ^X A{P{W) <E) Ix))-\ '-riiH hrijv ® 

= (/c"i+ -+"«8;t - ^(/'(W) ® Ix))-' 
(we already used an analogous argument above). Thus, 

= Lu[D + C{P{W) ® Ix){Ic^,^-+^^^x - A{P{W) ® Ix))-^B] lu 

= D + CiP{W) ® IxWc-i^ -^^N^x - A{P{W) (g Ix)y^B 

= T{W), g D"!"""! X •• • X D"""""", 

i.e., T is ij^-real. Applying the inverse double Cayley transform to T, one can see 
that / is tw-real on n"i^"i x ••• x H""''"", and hence on fJ„i,. ..,„„. Thus, (i) 
follows from (iv). 

(iii)=>(iv) Let / satisfy (|2.3() with holomorphic [lu , (giXj^ )-real L{IA, C"*" (g) 
7Vlfe)-valued functions ipk on n"i^"i x ••• x n"™^"™. As in the proof of The- 
orem 14.11 we get for !F = C{f) consecutively: identities 13.15|l and (|4.3|l with 
holomorphic L{U,C'^'' 7\/lfc)-valued functions 6'fe on n"i^"i x ••• x n""xn„ 
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given by (|3.14() . (|3.16() which arc, moreover, {iu,i^nk ® '-Aifc)-real; then identi- 
ties (14 .41) and (|4.5|l with holomorphic L{<C^'' ® A^i;,ZY)-valued functions 6k on 
-Qmxm X • • • X n"™^"" which are, moreover, (t„j^ ® , t;^)-real. Without loss of 
generahty, we consider all of MkS equal, i.e., set M := Mk and regard 

N 
k=l 

Then is (tu, i^uk <^ (•7w)-real, and Hj^ is {ink <8) t^, i2^)-real, k = 1, . . . ,N . 

Set A" := A^. Let us observe that the subspace (and hence, clos(2?o)) is 
\-nM ® ^x) ffi it/)-invariant. Indeed, for 

{P{W) (g) Ix)H^{W) 
lu 



with some u,u' eU and W, W € ©"^ """^ 

((t„,+...+„„ (g) tA-) e 



u' e Po, 

n„xn„ have 



T{w')iu 



buu - 



Therefore, the subspace 

:= ((C"i+-+"" <S)X)®U)e clos(I?o) 
is also ((iriiH hriN ^ f-x) ® it/)-invariant. Indeed, for any hi E Vq, /i2 G Vq-. 

(((t„i + ...+„„ (g) tA-) © tw)/l2, /ll) = (((i„i + ...+„„ (g tA-) ® iu)hl,h2) = 0, 

thus /i2 e X'ff implies ((t„i+---+rijv i-x) ® '-w)/i2 e ^V- 

Now, it is easy to check that Uq and therefore Uq are ((t„i^ hnw ^'-x)®i-u)- 

real. Since J7 = C/o®^©^ , and is ((imn — ® ''^)® the operator 
U = U* = is ((t„i+...+„„ g) Lx) ® tw)-real, as required. 

The proof is complete. □ 
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